
Math 115F Fall 2014 – Problem Set 6 
 
1. On a certain multiple-choice exam, there are five questions, each with four choices.  Bubba 

has not studied for the exam at all and decides to guess answers at random.  What is the 
probability that… 

a. He gets exactly three questions right? 
b. He gets at least three questions right? 

 
2. Find the decimal representation of each of the following binary numbers.  (Spaces added for 

readability.) 
a. 1 011 
b. 100 000 
c. 101 101 101 
d. 111 000 000 001 

 
3. Find the binary representation of each of the following decimal numbers. 

a. 78 
b. 128 
c. 300 
d. 513 

 
4. Suppose you’re given the following cipher: 15-17-22-11-1-22-24-31. 

 
You first think that each letter in the plaintext has been replaced by the number that 
represents its place in the alphabet, so that 15 = O, 17 = Q, 22 = V, 11 = K, 1 = A, and so on.  
The fact that OQVKA doesn’t spell anything worries you, but you’re more worried by the 
fact that the last number in the cipher doesn’t work at all.  There aren’t 31 letters in the 
alphabet! 
 
You find a clue, however, that leads you to believe that you should interpret these numbers 
as given in base eight, not in the usual base-ten decimal system.  That would mean 15 = 1*8 
+ 5 = 13, which corresponds to the letter M. 
 
If indeed these numbers are written in base eight, then find the plaintext for this cipher1. 
 

                                                             
1 This problem was adapted from The Beekeeper’s Apprentice by Laurie R. King.  In this novel, Sherlock Holmes 
takes on a 15-year-old girl as his apprentice in his retirement years. 



5. Read through Example A below to see how the Euclidean Algorithm can be used to find the 
greatest common divisor of two positive integers.  Then use the Euclidean Algorithm to find 
the greatest common divisor of 4025 and 1242. 
 

6. Read through Example B below, then use your work from Question 5 to find integers s and t 
such that 4025s + 1242t = gcd(4025, 1242). 

 
 

Example A 
 
The Euclidean Algorithm. If a = qb + r, where q and r are the quotient and remainder when b is 
divided into a, then either 

1. gcd(a, b) = b if r = 0 or 
2. gcd(a, b) = gcd(b, r) if r ≠ 0. 

We can use the Euclidean Algorithm to find gcd(2175, 555), the greatest common divisor of 
2175 and 555. 
 
Dividing 555 into 2175, we find that 2175 = 3(555) + 510.  Case (2) of the Euclidean Algorithm 
then tells us that gcd(2175, 555) = gcd(555, 510). 
 
Dividing 510 into 555, we find that 555 = 1(510) + 45.  Case (2) of the Euclidean Algorithm then 
tells us that gcd(555, 510) = gcd(510, 45). 
 
Dividing 45 into 510, we find that 510 = 11(45) + 15.  Case (2) of the Euclidean Algorithm then 
tells us that gcd(510, 45) = gcd(45, 15). 
 
Dividing 15 into 45, we find that 45 = 3(15) + 0.  Case (1) of the Euclidean Algorithm then tells us 
that gcd(45, 15) = 15.  This time, we got an actual number, not another gcd, so we know to 
stop! 
 
Linking these together, we find that gcd(2175, 555) = gcd(555, 510) = gcd(510, 45) = gcd(45, 15) 
= 15.  Thus the greatest common divisor of 2175 and 555 is 15. 
 
  



Example B 
 
Using our work from Example A, we can find integers s and t such that 2175s + 555t = 15, the 
gcd(2175, 555). 
 
Recall that 510 = 11(45) + 15. Subtracting, we find that 15 = 510 – 11(45). 
 
Recall that 555 = 1(510) + 45.  Subtracting we find that 45 = 555 – 1(510).  We can substitute 
this into our expression for 15: 
 
 15 = 510 – 11(45) = 510 – 11(555 – 1(510)) = -11(555) +12(510). 
 
Recall that 2175 = 3(555) + 510.  Subtracting we find that 510 = 2175 – 3(555).  We can 
substitute this into our expression for 15: 
 
 15 = -11(555) + 12(510) = -11(555) + 12(2175 – 3(555)) = 12(2175) – 47(555). 
 
Thus, s = 12 and t = -47. 


